L

Creveyamen b= Avds c-:-“E*%e.* g,”-,.(t.b{u?_ L4 17317

'I HS.‘A Hn'\'l‘\!;'mcu’r‘ﬂi‘
Measuve I:‘tr-ﬂ! jr\'\—ea‘vnhrﬁ

Scanned with CamScanner

Scanne d with CamScanner



.\-‘
o

["ﬁd‘- ST1nCe M €& —ln - [1,11'(",;_"}‘] +..n\- En.t."\ ﬂ,

mnﬂi -&Ljn\ — lf’h
o m"t ([_3’-3-} = & .’-t'u' mn." ac R

r—— = — —

Theovem - A

The puley Mmeafuve m{- oun iﬁ‘\"lh'um[

[y

Cose 1

Tu-fhPu.sE-_ Thod | {8 = Llﬂ-fk':of iﬂﬁ‘ﬂ\lﬂ!,
Cavk), say .
Then o E'C‘-LG" T il O hove
M*C[n,,lo]) < M*(f_q,hrf:-))
£ [—o 4t E
o (T) 2 b—o, ~---==-==

New Te & Lyain the cpposite fnechJ-l"fy_
Loy each €70 , T may be Eii i A&q
celle ction o intevuads [I50]) 2wk Fhad
vmhCTy 7 Z__I L(Z.) — &, whene 1= [2n 1An)

| Ftt E“LLnr "QE‘P I"‘:Qﬂ""# E_/i ¢ Lﬁ)

=
Then - () 3, 32
A=)

LT s 1.{- B 'S & t..[ﬁ!m{ tﬁ!uﬁﬂltl{ Sed r'nR
cnd A S UIG“* y twhire The seobs G\’t Qre

& f
Gfep and I i3 Seane index SEF Then ‘—3 = 1Elm

sub f__m_f.fe[,hm n; The Sets . .fn;,:!.[('p. L=ty - nJ
w‘\tse D,.,'up Cen 4puins A . ( 14 &dne - E’ﬂ?ﬁ' -”"E'L'i'fml

Scanned with CamScanner

Scanned with CamScanner



&

\

o *nﬁt s*uLuH-chm o The e ‘-rn‘;
e venrs.l
3 i B us hene TF‘. Lt o) €
10 Jg oot .

'T\nlﬁ as we ma_ gu-frwst e
e-n»wd in ang ofher, o<

L

ne T, 'S

hew e

Scanned with CamScanner



-l — e+ € e 1)
| Siace 2B ove trae fovoll 2mall e,
ST = 40T

“(&1 e con PYVONE T = CQ,LJM:JT: E‘f-"«, b)

Cage 3

Su,ff-me 'H"-ﬂ-ll' o UE o 1nffin1+g ln"}'CT'Iﬂ-I.
Fouv JrU(PEJ E-f nfevvel e ccur.

Cuppese Tt T = =0
F:f & Mo, ksmh'ﬁw% The Ahr

Tnte vval  Tpy . Lblr\em Ly £ _ [k, ke EL
So MA(T] 7M
Bl Herce MNT) == L1

|u~l1 Loe can FWUE ]'_Dg,..aﬁﬁ (—%, ﬂjftm dﬁ)

[he suter MeoSUN% MF cn intevval

Q@aa}s ks .Q:elxa’ﬂ-\

F = II'-.' L ._ -
- _Iu'.__..'l' Tal il =
DR et B8 %<

= 1‘:'- -I-l- e [

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



Fmr any S‘ec;ueme of seis {Eﬂ,
U E;J = 1 mﬂ(Ed.

» =

M' Fox eoch T ond fev any E€&7e,
'.._-jﬂ..geﬁpAE'nr_E- U—'P{‘ lhn*"EVUa‘-LS fl;;j 2 '::1,2,__...-?)
Swihh that  E, u T,. ond




%m mFﬁn Set © c‘“"m‘“ﬁ' P“
and Suh Thaf mA(e) & AR .

Scanned with CamScanner

Scanned with CamScanner



;,. . wa\& o lable W e
s S&:‘.‘;“ A, we have

X B X A CE)
A= T ppe) +MTAN

Té E ve E- [ MEQFU-M/%
e ﬂEe.L-’ ﬂf\lkf chow , 'f"ﬂ"" fﬂ-l.-j" P’ &M—

N\"(M =X (AnE) + o (ANCE).

’ﬁg:ﬂ'—* M#(E}-':-Eé 'ﬁiEn E s M:‘Muﬂaﬁﬁﬂﬁ' |

(= ‘F’l'nf‘h‘ ¥ ET'—— o é"rm

i,

b Joss of subseA of ow av‘ﬁmrg-
s Soid be o O - M&eL’rﬁL .‘

Space K
e o hedd, 4 K Eeftﬂncgs o The class

e ound The dass 1o cleszed tinder The
. v#mwuﬂ ﬂff C@un{-n,ﬂ;&e, Unions and c,\,l
b fﬁ i

Scanned with CamScanner

nnnnnn d with CamScanner



e o held
h“ dencte % M the dass 4
. w MEﬂSuﬁL& set

povean © The efoss Mis a &- a%eLm_

wlk-T The feb E 15 th:ur-—ut
* Jﬂ EM‘\ r_,f;' .JI"':'. Lir ¥ i{‘ﬂuf

it 1p) = m* (AnE] n? (anc B~

RGCM o ho!
'T\'ll F‘(rﬁmf*r‘f betweean [ ondd CE

Aenpkes fhat 4 EcM Then cEEM
B e hove v sbewn tha! # {Ej'g e

Ce O‘{ .Se'l[i ‘A H %f#

e U E, &M
yo
;t Or &V L‘l'hu-; Sd-

- "| > '_"-'-.- ]

_* Bl el
1 . ‘- .Il. 1. ;i‘.-ﬁﬁ;i'.

B - K
-

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



3 2'_ m"‘( pRENCE])

4 JL’L
J ”‘ﬁ(“:{? -

= Pﬁ*[p‘*ﬁEx) -t *;'_ (P‘rf‘ =, N C‘.U-EJ)
'r:ﬂ_ )4

) B
oMay 2 A (ARG )4 2 (AR Ea“‘:ﬁi'})

=8

+H\%(P~n <V EJ)

J {1

Z W (A ﬂ}g &5 ) + W{pnc L &)

Scanned with CamScanner



-:m’i‘h)?‘”‘

=T - -
¢

akille
oble.

il = F- (r_,o}) | & epaus
So. [n- Qt:f\[ﬁ) O ¢-F) 1T measuy

n s MEEKELAT&MR

WJ

,_’_J_Lem.,,?m L [E '1:,% [Elll 1|7_'5‘ C"'-.i""'-lé_ gf%&nt{i 51{
c,c-ﬁ Sjmn's €Ll LATD\[:-‘?E ?E.-{'E 'ﬂ‘ﬁ‘- ™
( U E; ) ’i_rh (Ei)

r:.T-l

tobly oddifive en Aisioind St oF M.

ﬁ'“"l Wole T

i w
"Uzmu Ej) + ml M«CU ) 7 (p) .
W

| Lok 1T o o"-fs.jmhf‘

Scanned w1th CamScanner

nnnnnn d with CamScanner



....
= S

‘- ’T"\tm‘l‘@ﬂ_. Eue-fa, ]n‘t‘ewuuj rE MEMUM.ME_ |

| Root.

‘We may 3u15Fns: 'ﬂle adeiivad Th L- bf-
%tr,p-ewm [a o) 3 Fov mv& ge""ﬁ‘_
we wish to skew thot

MR Z MR (AN oo,k (AR [20))
S_—0

ﬁl =~ AN f—ﬂrn.) e Ro = ﬂﬁtnpbj

ST § =Y n"‘t'ﬂiﬂf}

——
T

L8 r-.~' :I‘_: M 1 E-.? 0 r

Scanned with CamScanner






i3 g W%"%ﬁd‘@ by B dthe o= mﬁgeﬁva
@m’h"! L? the elass ®79 idevvals ef

'ﬁ 'Pm"“ Ca, L) y tbs MEMLE'T.T xVv Ce
| ; E_Qjﬂl.Eor 'ﬂ‘[_g EETBC celbs E'f’ P\-

PE:‘)"ln ition -

] =0
i ﬂ«m?uf L: = N () E;
4 A=1 1 Z2n

g L&{' pbe o class of Subsels of

Scanned with CamScanner



- ke
PR "- r'-l_:.""dll.. .-I &
| = -

H T
pi cn i S
e "‘I--\.:l.i.."'

I._"..

s ke ony Gollection m@-
e @, cubsets ﬂfx “Thea
From The dlefinitien of i s
ane n 5.8 onE- aﬁaefafﬂ.

| Bu Theve exists oo - algebra (ontoining A.
- | fewely fhe class of all Swbusets of x .

Se h‘l:llﬁha T"lE in"}"EWEELhM ﬂf’ The. '
dﬂ“—aﬂ%efﬁaj [ﬂ-ﬂmnfng_ B . WEW
e "“‘%ELW; ﬂEEESgavf(& The .?ma”é’i‘h
C.-Ol"f\'ﬂ.-iniwa A
0 o Swallest o-algekva 3

1"
_._._-ui"

E~+

:-" )
E -:-rl.H 'Y
o

' -
'l-.-' §

Scanned with CamScanner



e s % EM e - 1@

M - .q._.__..algeﬁrﬂx
A s M s MEMU&WLQ&

_ @ R is ME_&S‘HM/LQE_IEA‘J,
| | == %,.Cuma Rovyeh gef 3 rens wable

{ (1) Lef B, be The d’-—aﬂﬁefarm 89:1%;{-&4
| B'Ei‘ The = PE N inter veds

1 _# s - A
'I‘ E ."
i =
) .ﬂ. _"- -
e & '
1 -

-

E'UE.H\J open inh«TVﬂ-’[;

ghte‘tl%\{ UAY On g.nf aga’fw?nr::e B-;- r'nhrfaf_sr
@‘P The "F‘DYN\ [a,b) 1sa. Rovel Ced
- = b c & )
Bur E;'wwa, inteyved - o b) is The
“ndrexsec tion of ~Seglience of ©peEN inteyveds
So &= 8

Scanned with CamScanner



=

lh‘\'B“r‘SEUi-\nn_? ﬂnp{ Cﬂm;:afrnneﬁ'f.s
& 12 The o -J@ﬂeﬁrq gen encutee! L}
“’ @ﬁ rhg (r = Sef-s .;:ua.r( The F Sef-s.

—

g |

| Bl ey, cor 1 Theve existz A
y peosweable e  E Con kain "'16;( A and
| Such fhat m*(p) = m(E).

w [T - rfnﬂrn.nl{,feff,ﬂ ik 67'-') 'af:\n

L

" "L'll e

ﬁ) A 4 .

% @.Mf wylfe  Opfox Corvesp

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



..M(G'I&FJ‘ym_

;J ! Sﬂl“ﬁﬂﬁ" '
" "";;) \Nk:f Eoch RORN EMF’? open Se/f‘ Cn!ng
L | 1sthe wunion Etf C,{_,(Jc}ml open iﬁf\fﬂ-’[&,

I_ | @“LMEJ" CH::(AJ'I_&‘"D.,L—CG T HMMEEI_G&NJ
N 'ﬂnt euwfey tMMeoSWleE E':‘-f o in‘h‘TUaj

(ﬁ‘}»als Ths .Ger@*fﬂ\

l"uen} non — E’mpi’; o e Set /xu

|.'1

. “' '&ﬁﬁw MEALUNP .

Scanned with CamScanner



we have To S how Thad 'ﬁ\f (matoy Set P,.-

‘IS Mea&’mmé.@@ ey M{P = 5

Ft_""“"“ the Construdion e Cefs R ore
Mm:.mﬂﬁ-(’-e 'fwr Cach n, So v

F’ N P is Measwable.

ﬂ:l,

P"Q"ﬂFﬁ [, 1T = F

")

do &

r

é‘fuﬁmk Sefs.

Scanned with CamScanner

nnnnnn d with CamScanner



Bl &) -
_ﬁmm - el i3 e far w8
‘ELO-HE m(&mr‘) MM[.E[_J

-~ E-':.-— Er_l’&r'i?‘!

Scanned with CamScanner



.
o

Lm‘“g MeasSUune on fsrfﬁw eides, we ?&f-

g
0

i
Y

!
e it

M (Linn E?) = Lo mn(E¢)

&
r_l.. -

i
g
¥
¥

B M(.'Q"‘m (B -E7)) = m(E - bimE()

Feem @)

Scanned with CamScanner

Scanned with CamScanner



B o0 [ —set, FeE SochThat M (EF)=0

:l:'n = (1)
T%mm )
o pen Sed O22FE Suh Yhat
o) = m(E)t €
ss Mm(0-l= m(0)y— M

(B) 49, Theve i 8 an

(E) £ €

m.—-—-
[f T

M1

Scanned with CamScanner

Scanne d with CamScanner



. I-: i F ?F' :n. "Uﬁ"——-'n mﬁn* Wiy oy _ |
et 5-—"} .“ ﬁ e _I..I"H i I I_‘ i : >
oy .a —-1- L{' g N :. M 1 .

Scanned with CamScanner



| oan
,:A fe
L
cac
L
n
/ m?k
-
—F)
.-I L_-
- X
.f_,_'-(E—r
' "n-)

A=




"_H G?’)Qﬁ Se} O | 8 'TF\E' AN O/ 57/ AIJE’I“}‘
" ¢ EN fh‘}'BﬁrHa.f_‘? I o B e == and ‘gﬂ

' ‘”""’-ﬂ""* S T ;) L6 i U= LT

==
f== |

)= N4

" EAUL= fr vy v (U E)

Scanned with CamScanner



——

| Wk H £, -'] ﬂ? open,
MM N\[D] L wHEJ+ €. B
7 'I,P we Can S how that Pﬂx(o-}::) can be

Lo aﬂ],;»rmr'fg, sweld, Then E i
- - peecowablo

by Lust fheorem, wiite T= UT; and

U: Oﬂj; (]_F!‘Pﬂ
; I
A onE) < M*[’Q{LU)+M’*(U&E}-—5:@; |

1
Blkee UST, wehave U-£ ST-ESS

U&E = TAE anrol m"(U&EJLe
E%UHLU&J e

. ‘ o
i

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner



(o ved! evs &= m)

= —aon L&__{__g) “"»:::nl'::l-'=""-:'J|I.T:"==""L---:l

- O

i
B =

: LEEE:%LLE—M&MWW»AIQ ﬁ“‘“‘Hﬂﬁ
LME&ILAAGMQ "fUN.JJ'r'M)

| Letr f be cw extended yeol —

I'f\}.alt.kea( APunctivy HLebined @n The Mt-_-_a_runw‘aﬁe

[ ser . Then i qmi_c;best;w@p pnessurable

—&muh‘m oy o measunodde funchion

| -If--f!@r eoth o &R, The Set {;3114‘(%1‘?*_]

(s Aeol Mf@..

=,

| ave Egpvalent

s -I.

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner



-ﬁwleq
“J:_—, Ex F1as 2] N Lx Hay Lo ]

; ‘T‘ﬂ Congton functions are mau.um“!’
[.l tdins i), WA £ s WJ_

Scanned with CamScanner

nnnnnn d with CamScanner



ey

Mens cnable ’FW‘D{" ON . AR
iy [ fop 20 ond (20 gV 7o),
Fex @ ok 1-{}

L xz dfos+c7=<] = (>
| S recdunable

.;'-'?"(C | & fecsunable j@L

B ¢ o, [x:cfon AOF (2 fov 7€)
S mcm.w-bﬁﬁ. '

o
ot 4 B I'
¥
e

| oo et ismeaanable

.

"
I‘I‘ ‘1
s

-

nnnnnnnnnnnnnnnnnnnnn



2 L A g 2

- e
AT N L
. i Py e z
N d -
Sk
F -
- |

Y e[.u:ﬁm’)\”ﬂn[}" Al o TJ

| o .
5@1 L efras pr,]m[:ﬁti 5"-“*‘7’6‘ J] .
r=t

g S Mfctéumju@

= . f-”_{fE
i ff“":g(_rj e Cfuna e

yic H’\‘E[‘ji,éu./\ﬂaiifﬂ il

i P [D‘it}h&? rF-g
rF-—g. — ’F'**("EJJ B0 ME‘GL&ML;;

d-g is measunanle.

$: 49 - L (¢ 15"
+I.i .Swff'\ue_n’r "f‘h s howo 'n'uuf-

B  whenever -fm

! rh-.,._‘-' Sy |

-.1.‘_1' -

-

Scanned with CamScanner



; -L.- £, be o Segpmence ef

| ok 2 glefl-"'ﬁf-”{ en The
Aol MMME ’F"&M B
i) S'-hf-" .{» '. T rﬁf_a;{,;:@l_,u& ftf E'a.t.ﬁ\ﬁ‘

<< n

'I'\\ "“f + Fﬂ.rﬁ,t;ct-lu..mgf 'ft* E“"'B‘ﬁ-
S l<i<n |

Scanned with CamScanner



r TORESE supf 7<) = nL’ l& At >

1S m&ﬁw’w'

f
2 gu.f'f‘h FS pmeosarablie.

- / { s et ‘”L'Q
;-..' t\;\l) llh* 7‘5 - - Su_fl v J”Jl i
: , g | hlte.
SN A 13 e Al _
F o (S FO) 5 smessuable
m\, ﬁ;mfu'f’f = ! (N

_&MSWP'F‘n ' S Mtw,w/fole
B i inf £ = - Do sep(—Fn) 2

1 B

o -
] .
- F

- _1;;

wunable

Scanned with CamScanner



‘,‘1 |‘.. .
(._

Jlil:“Inl'ﬁfr* > 4 \ ﬁl‘hﬂn C-..ﬂ_*?}_’_‘:i_‘_ﬂ‘.{!_ %TET%LESS 3%{]
__'*1}' L et + be o measunable Funchion
’rha,u 'ng r_c(_; 'Fé'-c’{* ﬂ-@] 5 Cn,uea/

i "PF\?_ ES“SEnﬁaj Fppremin E}fp !
;@.{Enmfej éi}_ ess supf.
B e i)

| L‘-
._' A |: .

Lf’} £ L’*{L 2N hneagunazig-ptﬁ fun[,h'm,t |
m ,,sa Su.f[dx £ o ael is called

~esse n-l—laﬁ "‘P‘“"‘”“m e

T =l
Tt g FowR
k '51. ‘—Fi -
e i

nnnnnnnnnnnnnnnnnnnnn



*ﬂ.f Hf‘ M*Q £ J =15 _,f'T[n AL Li nEa: u@& .

.II_

=

2 \ ‘
| 'E. keve g is Mwmaﬁﬁﬁ-

e [ et {'FI?. - Segmence o/ PRI

1o & Cwﬁuenah‘r\g_ = SE S

-ﬁ 'f_.F Fi'i & m@_&tmaﬁﬂﬁ 'mel&n#f

'-"-I ~e kher se OV e -|:+':: A OO (rﬂml

A 4 i

f
s,

¥ il -
- -,i._. L

. ik . ) - -

N LY , : : . : oy
Canverger . Tc Messt R, |

L il e 1 . ) T O e il = - . L

Vi e (MR ‘-':'I._-- — .,-.f-: il > : bt R g R G Y - "
il . Lt iy - N
o E = = - N L
o V. 1 £ &

Scanned with CamScanner



n\dﬁ&?- 7'41'- neao e,

m £ inf [« Fe=cae]
. 3 e_\‘:gth{'\aj .‘.‘:‘u,f'\'tmum 4‘ f

| S Ca»urvf
'S MMM-&.

Scanned with CamScanner



e |
,,~f -H't “F <8y guvf’ ’F, aA-T .
BfAg 2 csrsupf o ess upf oS

1
{

ese :%43) .3 :sr-'f"f?‘ t eSssufg —D

R w‘.ﬂéw 1’[—,% f}_g&nwa{""-?
Imvdd

! -"
_‘_1 . -
- s

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



o
-----

| Brample: Lo 7 Leo menswmble Function
“5"'[wgl BE  fovclset, dher £ k8) i o
L IMmessunalle sef -
Sﬂ[wf'iun: -
we howe »FH(LJI f-‘iJ =
and £7(Cn) =c A
9 e cass E}fgeﬁ whose Inveu<
i""‘*‘:’ﬁ*ﬁi undle ¢ 7‘@%’? Measmafﬂﬁe Fovm g
T R ﬂ“-&%?eém. But This clayr Conteins
5 ‘n'ﬂ infercvals.
et Co i muwl Contmin all Boyef sefs.

£ (Ai)

Lagg:

"

I

o qt"{{_g,,} is a Mmemanahle cef .

Scanned with CamScanner



sl
|||||||||

cval I8 N\E.MUJ'\&MQ-
el sef 7

4. |@s Eveg inte
A (h) £ Bo M, This is €eveny Bo

MEMMaLQE.
W Ris The Gﬁ"“ﬂ‘b"@/ﬂ-ﬂ 8&:\3;\9\;]'-90/{ LC?

eath of The %ﬂwfg hasses : “The spen

indenvals |, The open sets The Gwd_r—”e?'-"..-

rﬂh Fq-"‘-sﬂﬁ




=/

W e My shiplate Thed the ;n,}wr.,d,f_t ol
r!-L .La ﬂr»"eﬁ, (‘_,QID_'{E'J,{?T H/f 0/3@\

r"‘I g 2 ngﬂ N o —':-' REW,'JF:B Thieo §em.
K % 9‘9"1”@ @“ﬁ’ MF"»-’*WME ff‘unvﬁm — Theovem.

31' Rﬁiwﬂ@a ’l_HE‘ﬂ'fE’ﬂﬁ_
e P&a«-hn@"a Theorem

= ol

(ki | SR

Scanned with CamScanner

Scanned with CamScanner



@A,Ll @ rﬁni-g_num.f:e\' G’f‘

+ \I'OJAES s called & S‘:m’;ﬁ( 'f'urnchm
tﬁ' s, - - C\p e the dishnch values
%'rlb oh A AII:EX:CP(:J‘J:&“E];

.' 1

e s o meofuvable fusckion . Then
"l"he Set Py AR meosunable

nnnnnnnnnnnnnnnnnnnnn



Fox any  AoA—N

ion .F‘, Mhe: M-Eﬁ_‘_g_,( of f—Fcfz.

nnnnnnnnnnnnnnnnnnnnn






(i) Ps @ fake The velues ~a;
o foles '\’He istinet Nolues aai,
Sothat [apdx = Zaa w(pi)

[
)
3
S
9
—=
e
)
A
L__":a-
5
A=

-

S[\ﬂ;.u That l% 4 is non— ﬁe&aﬁuq
NEMMME ﬁ"h&#‘lﬂmf 'T]\E'n ‘F:-_g;:. a_@’

Scanned with CamScanner

nnnnnn d with CamScanner



: H X

e

| -—é— , Thew jr-Pdnu &f‘}ﬂ/}!
Uy IP' P IS & Mmsmaﬂgpp s-e} ﬂ-noﬂ '}P.“:-_g. enfA,
Then J—f*a[m £ J'%-of.:{.
A 2]

\i) T) ® 20, Then Jafdn = o [fofx.
-—ﬁ Prand B ave measwnakle Sefs ﬁth
E’ Tren J fodn = ,r')c""{"

% ':

Scanned with CamScanner



me U, df Ais meatunable 39’*‘
B {3 0n p hen [fob & [

_-j"&u) Let azo T peove Jmﬁ/ﬂ ﬁmjfa;ﬁ
| Tfaz=9, D fofdn - afpbh iz heue.
If a0, ¢ s e mﬂiarmawe Simple,
rjgunbhﬂn with @ £ of =l =2,
Loheore Pis S‘MIJQ, «,G/, cendd

B Jxien =afth.
ff"'% \ne note Thot f)tﬁ %BF el 3
| sets and 738 . g«% .szefx e

nnnnnnnnnnnnnnnnnnnnn



= J" e
.‘:L__ﬂ_-_l_i*:ﬁﬂ. L_d— "F = Mimn 11"\"' 'Fn ’ ! h
¥ | = | ¥ Eﬂs n.n *m ‘

- S%IPJJL’ ,.’I-gy Em
| (P with

_ CasSe \D . Lef J CPG! N =0 .,

e " ‘ | < i
. !rm e T Jc‘l‘:dﬁ - "'% a; h"\[ﬁl } ) -—F'b'\(' o

| peasanable set A, w e howe
§ "7& 7 O on .‘q .

Scanned with CamScanner



a J- } : r

u ﬂﬂ.
.*m

Mmtﬁn] .
Wﬁ (kx> [gdr 72 m(Pn) .

.f-\m.mf-ff ahl - a0 0‘-"‘-“@ "\D[o'!g
m i [ pdx = Linn m,tjﬁ,.. ,|

Cose )

Le.* I i)'l.. .- |
\Wxite [‘;- =R cibuu >o]. Then m(B) <=9 |

| et M be The .(Dwgex& Volue of ¢,
E!Lr\_oL u" 0L € L)\

B uxite B.= [X- 3;‘“}7(!’
- Wwhene g0\ = nff; (),

JjzE

_'—_ﬁ__,__. : e

e) pead, 2 /ﬂJ

hlib m e sefs Bn Y€ Mu-uuna.&&.
= f_:_z Bﬂ-h fex cark N,

-rrm*l Sey ‘

—

Scanned with CamScanner






J s = S‘“&‘mi“'lﬂfh Ay & Qi fnf f‘)lenﬂti"""'@

Buk £ 2 i
W kT Tf feg, then JPox ¢ [gdx.
we have [#dx > [fpcr . e hence .

[ £edn 7 ,&mi‘wf’»\f’fﬁfj o mm el

From D ED, we have

JH}\ = Lem _r'}bhﬁl..ﬂ..
l+Eth Pme,f

Scanned with CamScanner



Scanned with CamScanner

nnnnnn d with CamScanner



Gimn jCPnAJt [4 oha.

e &S N mtutﬁ "ﬂnﬁ»mh

oo h exe P, ond £ &Y

Scanned with CamScanner

Scanned with CamScanner



"

LQ*’H’\Q "Jﬂﬂ'*elﬁrf’ fi? he o, b,
. ‘e-o\k—ch en S ots B oAy ve - iqh'

EM-J chJi"’"l"lnt \Jg,cuu ti7[ '1-1 [‘Jr.: -b,'r}ﬂLF i
(leen o™ the Sets a“Bﬂ.,,..—-E;n‘
hes The
rﬂ'l-gh The Simfh-ag rFuf\:.Jnm CF-i——n{) "111
n the Measurable Set-AiNE;

b

UE‘“‘E. Qs £ L_’J‘
=l ?::JJL - 2?_ o B W (AN E) ey ony.
= 1=t

W le T

|

Meous wokle Set- E.

Scanned with CamScanner



Hence pye ved .

v Yem -
B e of
*’ negetive meodunoble funchions, Them

— — —
— ——

) e
e i




1

(Exomple ©  Show
Sd“*‘ﬂﬂ =y

)(. TJ‘ . Laen 4‘1-’"“-—-’-1:.(_].._1 ff’W‘Lth

|

8
ﬂi £
¥ FI

h' '3 Pﬁj:ﬁve_‘# se "111{3 rﬁw

Scanned with CamScanner

Scanne d with CamScanner



"r-

] &@f“"ai 'F‘-“j: © £X <] s dedined Aé(
= ;%m — o «f’—mr a Y'nhum( 4‘ X IS f‘rmk}'tﬂnaﬂ

"'i,,- ﬂtﬂuuw! Swode < Reows Thoct FF s Measuable

_:1 | .pj:(__,‘j ___h u__,ken-e Nis "f‘h: hwn.‘)tr ﬂ?é‘Zgth

tmmﬂci*w mﬂ"‘“t*r rh’lf_ oﬁec_kma,ﬁ Ptnn.lr
.'lﬂ"l'ﬁg ‘t_tprqﬂc.h'\'ml-l‘m G-F— X oA (h'(-e.

Scanned with CamScanner



&

| Thes '[\ = 3_; S {':%}_,C-k-ﬁ -,

Sc ,F 1S MEnELL"\Q-L-[;E,

3 Sﬂ!w - g

e

o v
But j’%p;m - 2, ™ ( - mﬂﬂ)
s A=

“‘:‘C[n il
:L =

Nt E
| . 8

n= IO
amsl— ——

C_II‘\E!\-‘P"‘FE’T - T___‘i_ - The Generad ’:r_—_rn*":ami

w I,P Fis) 18 Ny, veal Aunchon,

.{.‘-(_J\\ — MO (FFL*-)Q);’J:F!(:QKJ s MM(—'F"’U-’ E'Jf
ove saxd Tv be The PpPesitive any
Negative ponts of L Yespec Hwe,ﬂg,

;’Hn{ﬂﬂﬂ_: T Fre i meos uable funchien
ond [J}+alx-¢*=ﬁ, [ 4 7dx 22 we Say
|thet £ is integvable oncl T inteyral
E‘Sariueﬁ bg_.

Jgda = J#tda— [ Fdx.

Scanned with CamScanner

Scanned with CamScanner



|

| (11

I "..'_-El E::!.._ﬂ(}_ O M;:;.L_E,u)\LJJOLﬁ ’F\U\L%ﬂﬂ "F (S

! L, £ r en
wregvable = (F( 1€ ,nh@@.&ég ond T

Jiplon = [l « [£7R

Df%n‘hﬂﬁ# _J_-P E {c o o eoauimbie -Ee+ 78:_5‘
A H\:MMGME —Jlbv\f-f'\"\ﬁh oJ\F’l {\L "F (S "J‘f;‘%rﬂi&

(e S'JLBM MMM U"‘:Y =

-‘5““"{ s ln"t":a:'r*ctf LS 8_4&.45-;\ 5_

j—f‘ﬁ{—‘rl = f,f ?{,Ea(l _
DE:E‘_\m'htn % I,.P £ is o MtAS Lh"‘*aj"‘fe ’TQ"“CA“'““
Sudn it Sk et Bhe of (4l frely
(S rﬁm-’n: Then f'f-a‘.'.‘-l. = f_}nﬂh,.h J’,F ot
Tozsven: © f=gtp=: jpi=ptes’ £

117 -f— 1L MEMM@—% = rF+M°(—f e Mtn.mansfp

Peof ity woer T 4+, () = man (U, 6) £70 = vaal-f o

it e~ L = o b o4 2

T i o IF 415 a Micosunable  funcd en
Tren £z man(fiojand p-c :
Meot una

- ki

"‘"M'lﬂ rﬂjq}_F

' "F NS thiuxn.éfe é’:;:) '-}E—Q oned £
N by, Lb’ﬁ\ Mmeasunal, Le,

= - -

Scanned with CamScanner

Scanned with CamScanner



W) of f-0ae fhen [4dx =0 .
'3:% —f-..ﬁ_g a.e Then jfafx <f 3"’&'
i? Tf Aod B ave isyoint measwable Sefs

| fhen [ fdx 4 j,},h = [ 4dx.
| P R

.r- P‘UE
' G) .Su,ffm_':;e That o 770 ) -

3 _‘"1. | “Then ka.'.)'*—: a::arl—)i"Jlr ) Q::b}} = &f

e toly 20 and  [@f) dx <0

—

Scanned with CamScanner



— o +
g k}%g)*+4f+3 = 44 +'F.{—34?_@

W T [ eg)dr - deﬂffgﬂh

Scanned with CamScanner



\N- e T 1+ -F 14 L non— ne&aﬁ‘v‘-ﬁ o
—f——und—tw‘_ e o .-F -0 o&..€ C'-:;) j'F"L'“ =R

(st =0 ond [fr20.
o Lol G

b=,

W) Lo 7EGRE
snd g = f (g )
Co  [gdx = [edr + f@-H) e —[gA e
aut (@-4) =0 ac. and From(iiD), we e
J’f@“‘* + [gdx.
. ForTa cxn 4

RAUR
,.frlp[';.\ " jf'?ﬂ:"’h‘“ o

= r&w s inbgroble ondh ez Jhntlps
| we Lmuﬁ J "}ﬂl‘.‘n\ — J rf-cf}\ +_J-f~g{'3-!

AUB

N) wele T T

|

Scanned with CamScanner



Sr'g(t,ujﬁ‘urx . l

e g\ — ===
Seppuse Thot [# £1F] A
\j\c e Smjwhu - H*m +J$ ol x

oand jjtplsx - S,J:'fo(_n._ JJ_"AJL
or dl %“ilg{

Ye (9]
flner @2 F =
= o/m mwk J‘}._ﬁof_“&_glc?-wi

J¢ten £ J 1§
> § T &W{ P axe '1nﬁgvmuL
’% |3 ]n'hﬂ_g,vufff’f{+
Exomple —

{ : ;

Scanned with CamScanner




W e =
e 14 = -t
H’ehc,e_ rf?r_:: G @ QE‘TD ,){"._.:__Q Bl yha
(5 « T\Ettﬂufg_ Cg«l\leth‘ R"\G’r
cleonky This is olse o Sudftcven b—
Ceondition .




(&5

Exowmple :
TF Lis memsunaﬁ-‘-ﬁf ond g I sneosunchle

AL b ey_S Saunthet
= L
[ ol

o A, P oxe el

a{f_'fﬁﬁﬁe, Then

' Seth that J%!g}dz:&f[g

 Solukon :

wore | fg f:(lncwuaw]tg{ x-e .

ol

 SBe \N - e I,F £ ord 9 ahie_ ::Mu}&
e ln| =~ € ond g 4 | o
Then I is ‘rnr\-cgumbfﬁ,
(roe L&‘«JE {33_ | S »-% iﬁ»}fg
Pﬂﬂn cat(a_l .{__7?{%( :_'i_,Pfgf O

de £ JH 190 = 2L s

vokle

Se #Jfg
1% j|g{g{g( =G . “then g — O Qa.€ (—{_H-Qf\
e wesult i3 hrue

T_+ j Iatla{b‘n '_(L—l:i;"i foke ¥ :(J,}i ,'g[ a(ﬂQ -(J[-g]uﬁ\)

e J}l@(al,x = )?Jl’g_ldl_iﬂ T vue.

— il

Scanned with CamScanner

f




Scanned with CamScanner

Scanned with CamScanner



[ €

| Chapty T The_General, Tringrel (Sontyasd)

| e R T e e

- [heovesn — )
- |heove L
T e Dosivatnd (s e

FL__:/; {”F.{B be o S'-EGVAE:htEL EHF ameasunahle
lﬂﬂm:h‘@m sach That [FAl £G, o hene.

| A IS TT\\‘t_a.TaME, sipl A Lian -fﬁ'-'—’P are .

|5 “Then ’g‘ i< in‘\fﬁd.vmwe- ﬁf“ﬁ’{ -ﬁ‘CMJ’Pn‘JF‘ - J‘Jedx-

| Emm& ;

it e

Since "fc“i‘ cocls A, ’ﬁ]ég#

(3] 2 gae. ——O

| tas e ('\I:L'J*E:

E-)F ”F SR %‘ RN Nﬁeckﬁtmauef

T
| ")E" ‘5——{?\ &€ and 8 (% Entha-Tazuef

T"{En rF-.‘j r:ﬁ&avwbﬂi_
o @, we Rave fhm"( P R f“'}'ﬁ‘,ff"ﬁ'ﬁfe.

R‘“‘ﬂ {% ‘{"F,-J {S . SEgROLE E:Mf- NON —
f‘Ea-oJ(‘NE: S rnasle, %Anc—h'mnfi X
Seo La- F:O“'\"uli L—qu 5

,o,cm;,\ﬂ@t £ ,fd dx 7 jﬂ«:m r‘n.‘)a (§ fyfn}ﬁ’(ﬂ' :

’

Scanned with CamSca;mér_

Scanned with CamScanner




= [gdn + le\mPf’F,ah > 530/3 + .ﬂimfs‘fﬁjx
Z 3?0(3\'{- BYZES

Put Jgﬁ-(.hk ' S rP‘\‘nH’E
D o inf s 7 S, o

| {g FFF‘} 13 olso G“S%EFLL'E, Eﬂ'
NOn— nea.n.{-lue mm‘,.,,“,&,ﬁe, .Fu.l\ohﬁhS, S©

= Lomosap (A £ [ fdan.

ol .
L s g Baninf Jfnd

)
g

|

= .Qsm.‘;u.? j -{hal»’\.

["‘-‘EH\E‘.E P“’”QJ

nnnnnnnnnnnnnnnnnnnnn



@

&fg‘-f_e‘* {Ph?k be a Ceguence rsuf‘ neas wable

| r(l-mejﬁmns Cudy That £ &£& . Lo hene
| 5_ LG }n'\'ta.wua - ord JefF Lim F. = ’JO&"E..
’T[nep. rf s N "‘?31‘@&-0‘5- N Lenn Jffn,‘l“:ff‘ﬂ’ﬂh

Chew (ﬂ\owf ,Q;.mj I_'Fn'_rF(D{.x.,, =8

=i
Then Fre Seviss qi_,fh[mj
bhe  and

I N - T fl"' ";M A xve ME&SM&A-EE;

R I'H e {g( e, aed g is mi-::.aml:ﬂq_ Thep

|

| Scam}ed with CamSca nner

nnnnnnnnnnnnnnnnnnnnn



€5
Lek “”%Jgﬁ\gmz: =i v il

L_E,rk cFLanj — z { ’r‘nl ) j(lt;af.'lx LA y
nN=|

and Since & F s fnﬁ‘tﬁﬂ‘?’/ﬁ'ﬂe rTG\en ¥
Finite - volued a.e.
i CP 1] (Ffﬁ,;#-,e._ Ucl.b-ke_ﬂf.
T 1 i absohbely Gnopedat

o

|

|| f:‘-hﬂl f'H f—ﬁb P

- Se I8 ?f‘-”'tg“““’m'@*»

=

wvite g %3 = I {Fth)
ot o G0N SRS TE

Then 1ﬂanc3~_3\ :‘i':“_.‘iﬂ'a
%:nm#

BT [e E,t_;?\,\ff_g dbﬁ"“i"ﬂhﬂr anue'g_ﬁ"‘:!i

,Qi‘mjgﬁd!}k = J,-Fof_“\.

£Y B-—_[-al.:.\ s E j.}haJ:Jt.
=

Scanned with CamScanner



'\ D E;M{r\ahbf Cmuahasenf‘f 'TETEHT‘E*\

L [ e :?Eﬂy,u: |
Aeols ol o~ 3::1),\.::&(:1: c&qa "F‘—"”‘CA"E""‘*? {70"& :
| .SWQ QMF\O[ PT’EUE’_ 'O % t?f‘;’]j_ﬁﬂ%ig—- &wieiﬁ

Nensien of fhe dheoven |

et ‘

T Lok §5,] be any Sequence SEIEE
| Ban é‘lh—;éﬂ . (_ﬂhem (ﬁ‘le SE‘V-*EHEE {'Fqn%

ga)ﬁ'_g \Qf:_q -(h'\e_ Gnhaefﬁtﬁuﬁ E"TL LEAC&%QJJ
DE&M{P\W‘—EJ {““E%Enct %ﬁtﬁﬁm.

| gt ,-}'L S in’r%‘jxwéQe_.

. N - dx .
C g S.Jf#of:t J4dx

Scanned with CamScanner

Scanned with CamScanner



@D
§u.1{>§::m:..e_ ’ﬂ-\_w{- (1 deed Kot L\&M
“Then - J?mf anch o Segpence { ﬁn}

Latth Qi PL = Fllﬂ f Quah Thedt
K | jqafaoeﬁ mfjcoflj gk

‘I'LH i @% O C..ﬂn%r—apﬂ»k‘uhmn.

4 B L 5 : B
— iy o =m L ks "x-“r—‘ -

oy R A
Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



|“J2VI Qij | 8 ft—ﬁﬂe"f L |
" L O 4ol .
%> B&,gch st &M ks

:FT\’lEfﬁT‘Eml ZL-P ,-Fi's anﬂﬁuﬂ% m%ﬂ "h""\“h_ x

Indrexvod [a, k], Then 'Pig "“”'%WJ"R‘E ; ownsl
Py = L:’Qrﬂt}o{t" (ou<cxebh) 15 diffexe
o

CoHakle funchion Suth fuad  F 020 =f)

i&;’ﬁ:ﬁg +F3 Cannu_nLLde*r.E ME&BMQ—J’J‘QE
C:':"k.npp\ H’( |3 Eeuno«l&p! ‘_Ss -Fq‘_g :n‘\‘t&‘r-a./toﬁﬁ mL“i’E

'LP o LMol e have x&h € enb)\d snell A
X4 A

and F (e —F = | frade
The E_an’rfnu.i‘.'{g, of -F; wee have

>4 h

37 udk = hf(e) & =2t oh , ©£DB=1

7 oW an Det [\*?ﬂ,
Se, SWI:-F'G_SQ h—#—ﬁ, afeumkna. L|1 A and

Scanned with CamScanner



2o Sk g g

f"fg;i_ %w.;._gk +§ :slmuu: ’h‘ldﬁ' Lo S -

'Y
A>0 o I+ (%)

-

= -!'.-!'H

(= R -
SoRE"

-'q."'n'.‘l':"-:i;:--" | 1_: -."'.- |
.:Eﬁ" loe 4 *E“ﬂLl Lima DX SN _ g
-~ sl ' h-—ﬁw [-*——(.HIJD(

nAC Sint

g

- - ‘—_ l

- the. S n(Ce Y = IS Vhjooses
Let A Foex [+ X

d %ﬂ_

W\ e Cm.ﬂ’iolevr l’\{ij = |+ X)) — P,

oL,
B Loy =1, RUI= T4 RV —A fror """""'“"5-‘-3/:_!

h has no E’mﬁmaﬂ&i poinl 1~ [0,1].\ fvgen;

«-F\zw R T hog @ Stotionary pornk- ak
u_:lmr}\ hs velue s mi\\&_ Sepn To a—fp'rnads. i

!_'.{t-__r

.}-.w _ﬂ'_gfﬁ.p n, NES 7_9 pon [Ufﬂ

Scanned with CamScanner



— N

=0 | A




.......
IIIIIII

Ginn Y.

paem (N2
& E“ Le,fcesc?).e,.l Dmim.qleﬂﬁ Ct:nuena.enue_
) i | %-_—g:.ﬂﬂm , Lam 5,1; Ax -——qucaf.i )

=0 L ~Aa"
f -Eie sE.I = Q. ._--(D

Scanne d with CamScanner



‘? ge_ ea. Ao - Ne Ve tWﬂA@E- |
| | : on[0,1]).TThen = o MEMuMAQE_
| 311 Suth 'h'\‘*”’ ‘P'F 5 ,,,_Jm?miﬂe

Scanned with CamScanner



Scanned with CamScanner

Scanne d with CamScanner



Scanned with CamScanner

Scanned with CamScanner



(2n42) ( anta) |
S o
- k:\)

'. .:' 5'! ”_h(gu.’ C"Ji —
ol O

neo @aday (Anda)]

o K'_ l)

L | [
Iy J_?‘fn.ﬂ -ﬂgﬂ\ O!GI" -

il ©




EE N Fn\'e’h‘-\-i oA -
. <. - = M (g
il

e ;= Sepf i Lo 41,

. ol o
UIJL' aA \r‘epfmhg_ M s L‘:]L =

'1\""'?‘ aNEY A‘L\E Cexyes Phhctkhg_ [n-\-‘-\r\;g_,’\
\Ne chEOin S = _'z’.‘:_"‘ﬂ',(%l-'—»ﬁl;_.‘).

. r-;w.h ?rs Scuel 'I‘&n L R emann .ln'l'? afbﬁe’nuﬂ_&!g
\% ghven €77 © 3 D salfrat S,-%p & e .

:—

[ aHhis Cose wor have wf Sp= Bwpﬁﬁf
@ER memfb of ta,L] andl we wmg ,|
w M’VWK ay R J’ o '

E.




| @ "
Di?th

J-‘F '?‘3"7 ENJ"‘"‘- | L "F rs émunaEE_
r_'hhak P\\:mu.m Ih\'&ﬁ,ﬂfa,ﬁxﬂt o al [‘1:5] ﬂﬂcf

MM g L‘_{'G,[y\ E’Lﬂfi’l"ﬁ;
o> —O

b2 =

Then f1is Sewel
on it e mhﬁvaf s W

c

vable
Y ) Hhen

.\-Q, L thmmm "'-fﬁ‘E

cn (~% o)

SR

— =~

e i Y i

hewrded over dhe Finire intexval [a,b]
| . E

WEtﬂm I'R' _F | © P\wmmnx iy d,"rnuﬁ r_‘ih'?{

| Suah ’tﬂmu;‘]r, dev cocis N s |
‘ Thoot
d ’i i E&§1|} Qeex The 1 |
g ( e = g /Iihi**t‘“
g = I U_hg-:h A L ﬂn b

e\ 2

AN L S&F qaLmhLHﬂhE L'I"n?r"'_ %?f’pﬂ !

wheve U, ﬂm"[ £r-

,_t_.ﬁGEEED[ v e Mng‘ tf'..*u EMEMPEE‘ )
aqé_%ne_ WA, = & A (ﬁlr 1 %‘. and
== Pﬂ'\"HHwh F*Ct'hlﬂr —Q:Ji“ U, he Th ¢ OV ETadR

Scanned with CamScanner



.-" f_lﬁﬂ-?/] = & d-k‘-n;
,% bl e b Ly~ erw e

[ <
*ﬁ h"‘qn}s’ti'}'ofp; and Se g’/f‘: = /I'

,. SE: o=,
| '--4 (‘*’r\tq () — L £\ &< rFl:w cath K,

s Ceo 1) = L ave;
L L EMA‘ Un
R ;_;::_-l;&ﬁ [ 2f<VL, Se T measanahle  and.
h L Euna[*tﬁ[ s | ﬁr‘argﬁ :

g bl i inbgedle -
'@vﬂcl S E A}K 5 ;opﬁ - J n‘;"i"r'-

o o

\

Scanned with CamScanner



I e Lél‘ ‘P be o Emmofgﬂ "F‘-"“U"\En
q;{ @n’“nq, rp(mﬂ-e m*rt‘wa} [ b)) ,'ﬂ'\en

"?li p\'iﬂ‘nhnhn ’Ip""ﬁﬁ,kﬂgpe oNEY [-ﬂthj V>

| i{g vy Cenhnuewt «.e€.

Preot- .
-SU{PME "ﬂmql d ix FLWMMn 1x

w t}{"}k"" — 4%34 L L'LJL.)‘
W{ﬁﬂ‘m‘ x i nel & fﬂi b oA

i i Lﬂ”"g‘ Segaence of poshhons
B 5 s o b et

1 WME oy Ty [qmél

Pﬁi‘h k— L'.‘Jq’ Ma, ‘Dn;

m eeuld euiss €7 ond o Sepene




L [ Vel F L 1) has messiae Zeve
R ‘- '_. 3 ’ | =

S f«f” 1 Copfintous A€

"Fu onhinuens ot X

| oL - Jﬂ'\a‘{
e g soth Fhed

rﬂ-\th ﬂiuen & 20 ) [:S"?”Eﬂ
.*‘1 | _1 | ‘ﬁgff R - : u.}['\zr-q %‘E “Suf’ e.:\»! tﬁP

Scanned with CamScanner



So n.PiJ ﬂtumam IM‘“&-"""A’{P'

Hence prev Cﬁﬂ

F f; £ be beunds! ond Leb o ord If]
BBe Ricrnan ivngeabfe on (el TThen
-.*-.F;":s in&aﬁnﬂ% cm:-l S ,Fp/ﬁ'-. FL,[ ’}"{-"

\N el "",F f i P\ffmann Iﬂ'}'f‘q"'”‘/% o
By, < MJ beunded ©ver Hre 7£m+ﬁ . :
er 'P L= h',ﬂarwﬂ-\-p e chh;? ?‘,&ri = J ’fo&

Lm.U-e J Hl"}"" P\Jr,fl,"}t 2 LIFH olss.

Scanned with CamScanner



chon ca. Sm.‘\ rh‘\""’

( M&!

aw Cantiniess T

e \ndevve
\;%Mﬂ&hii"\Eﬁ EM-"AE O cﬁﬂ\

g Ief 3‘ dx £ €

If'” [ '7“:" ”FF
wo € Mﬁé~ afSume "f['\"r‘m- et 'H“d ,{";;,E '

Al - b -’ uheye 'é'r-
. 5545(1 = sup [ pd* ¢

f- | % —g‘hfil ﬂ.‘-ho{ MES-EM:‘LME,
' BAN (h'\::bd' "f LR S\mpﬁe
;ﬁ& Lo < v\oua CAS € ’ qu
T tﬂamda «fum:.'f\nn t th (f::t:. cut Sicle =542
N

Scanned with CamScanner



"
T

,I E.Fe... m-hwm P e |
% G - U i Then M(E;‘z‘(“’) %y

""T;

E'J ﬁ({h 1S < S‘er q‘ﬂ‘»dlw{'\*ﬂ“
.LE:
jl e Yol = MCE bt

:.:_!‘;‘ Cﬂ-b'\ﬁ““"{ tuk  Step (ﬁu\ntﬁm_ A:;SE'&;

" An
: : Lo € Ve
r{‘b"c e ok = [, "“@Jr :

|
}D he . 5 aG'E
-S r'% - 'i. O~ "‘ ‘ = =
‘fll"j o~ l = "‘,_L_ hM e'l
-— £ .

X ,ﬂ‘@p rﬁmuﬁm A W—ﬁt«f‘uﬂg cubside

Scanned with CamScanner



"-.-'-.I:' b [ 3
il - i [

;ﬁ:_ﬁ wheveye ¥ Rexy =D,
darn. Bk Fhe fnite




(3
Fyemn aheve, Ft‘& p s Ed a. Cendintro 3

¢ /_’_e
b
g o

M:LEK‘ rF b(—'_f Ch, L@unc!ej MQF»SLLHELUE

rFMHLHﬂﬂ OQ'E!}{#EP] <Ta "hxe tfi("m'ﬁ~ ;n‘l‘fvuaf Q:"wE’L
b

.ijﬂﬂ fhd igﬁ“ frﬁijjhxﬁla&‘iif,

| =R o

|

™

A R TPR L e
/_ﬂwh{,l P_E{n pace 1} = }&

T { S;LF\ ‘?;‘mF’}ts!ﬂ
L & % ' L;j}\iﬁ'n ]ﬂlﬂzpffi
L '
e J Sﬂ%(m,m . ‘Ms

= {[/P f:!i:"g""‘ 4% |

Scanned with CamScanner



«h bth) onil

- e L (&
b our That 4 irh

.«ht\'}xb = /F (ot b, 'ﬂ*'“‘ frﬁ
) 5 of P L f, dx.

-__-%‘*““ NIUNCRNCR

preve Ahe vesed F

s*b li{ (_§ ljugﬁ-{tkea/# '{_'Q

&*??
f* ; i -S'Et?v\tntt: m-f MEMMmﬁ,& ﬁrmrjq

TV {TB .SM Jhast ?én}’ ahp',

Scanned with CamScanner



Pt — L
4_ . % ks I L
4. chede ond preve foatoul Lemma

fy

Scanned with CamScanner



IR s contnors b fine nered (28
"“ien-’ hﬁfﬁﬁﬁe and Fex) = L*(QGU—(&M@
1s o Ji‘ﬁﬁm%mua rfum,{wn sk dheot

rttbsi = vf(tﬂj

S Lt £ be et e ferefen
1_‘.-; Then = o~ Segprence {[Fh
| Siefe PF‘*'“LJHC'M Sk Fhed
¢ I‘ [ONES P,




E E(F 5 P\’ Elg .

ﬁ_gl S’PE\QE, e called o ’l"l'n& |-
& E e Rk ord [F&R then

e ) E-F ﬁeiorﬁ += R.

'-|-| if’r ' hene vev

r_(‘\e closs cvﬁ fglnv. (M BAS E:’Q 1rﬂ-e"r\n13
91&'11"& ’F\D"f'm [a, b) 'ﬁ:ﬂm o BINE .

e o~ g - F‘“ﬂ\d’

P fuma 'L r:a,uep! O T T‘ffa 175,
ﬁ' .S cﬁl@mgl unole v ’171@3 ’FQTN‘M\BF\

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



o sk dhat O pre R ;

A=t ||

Scanned with CamScanner

Scanned with CamScanner



o

u pm&”?
%@T EUE"T‘?. Set E QR

x — U = rﬁw' Semm e
ce {Eﬁ3 :W'b* Thet En s
~d iy < P bn

E’;% 4 L"L’Eﬁ?"‘e Measune M ole Anesl onM,

: ’J"")O P\\s m‘-ﬁf\ﬁl cﬂ.ﬂe'f‘ 72.\'\04151\
J;E %’ﬁt A enthe class /_]_C R) /s an

Scanned with CamScanner

Scanned with CamScanner



3 = AU (B-—Pr] L
: ne o ix finitely odldifive.

e

= mﬁ _; fatp) £ MB)

,? ovem: | a Suollesk """’"\g— ane|
e omallest == ¥ing  Conteining. a
. ghiven class of subtels of o Space.
- we vefer 4o fhese 05 The  ge nenevhed
B "“6‘ and The genMDf T~ Tngy
w;FECMJEL

Scanned with CamScanner



i{‘ > Bonvenienb o !\o\ue fwo

ﬁLf’!‘E‘/W cle scxy phions of tThe sets of
| S se e prove The tef Theorsa

= €M) 0 (N (ERN)) =0

nnnnnnnnnnnnnnnnnnnnn



E e EAN 5 'U{— X & =14,
"" we have x e E-N -SEAN.
L@*{‘De? D = E&NILDf%NQ’M&S

whene M) =o Then ;’3@.-
| D':" FOA where FNA = th ond €S

'w ASM eS wifh }ucﬂl_

| 1&
.;.F. _,S;F»Ce ’F‘D’r“ {— ?‘:\ Cﬂxs.:)ﬁlhnk— Wwe [‘ﬂ.#"ﬁ'

ﬁliFﬂhh (The f['wf::- D‘\ﬁmcﬂ'\sm?mﬁ.
- .5@421 ﬁ‘f “

nnnnnnnnnnnnnnnnnnnnn



| So F BN = EuaNy, Wehue
| REsE) e ol hence uig)=p).

Se 'Ff (s a Uﬁmgf%wmf} de-fq'nfj :

R.Q]*E T 1S & MhEalune .

| P C-Qes\'v)?uf 9 (pl=o

Scanned with CamScanner



9@ F (S Cgu,\,;-qlﬁg_ cddihive.
Finally M s Cnm’t}@)/*e AT HE

,"Fﬂ‘rﬂﬂ!" DE€D,es wa\meju(DD),_
qfﬁﬂ De = E, AN, ,whene No SMo
R M. es, po(E) =MIMeSzo.

— Ep LM, S0

Scanned with CamScanner

Scanned with CamScanner



Measune ol ‘l_gn- vohon -
(k- Tr (,,A ey -1L- gmﬂwﬂﬂ e&b{ename,

3‘\% w %-t_‘f:‘i'f‘cn‘if eAn

g S
il

L
-
i

Scanned with CamScanner

Scanned with CamScanner




©

ELE crean

|
‘ i

. "?ﬂ:r:: CﬁMF-QE.-A_{IJﬁ Q-’P N %hlh

Me aSt\Ne. 1S B ,F‘- ﬁ‘I}Q

Scanned with CamScanner

Scanned with CamScanner




Scanned with CamScanner

Scanned with CamScanner




Scanned with CamScanner

Scanned with CamScanner




(3

“ﬂ-r".-f. usde~' ek 4 3 ancarind (e

S

WYvke E [J'?&‘J\l paail B
cm [ % fuyw]  Ea- [X: fﬁmlﬁk?uﬂ




Scanned with CamScanner

Scanned with CamScanner



+, “ Se “P Z RS VI . 5 - .Th{ FLLSH&Q".
\@alue.r of ¢. we have @ Za %

F—I

- e = [ ¢ Cau - =a: ) . " Jhen Fhe

* | ,'_‘4%1'“1 #JSD o2 Tk ﬁtjpﬂi "]‘tn )\4 15 1}
[ ven [:g,~ j ‘F“”h o _if-‘;/*'\(f’g‘a'_,j

A‘jr

:_.;.,,1

L@f.ﬁ e Mfaﬁmue IR x—-’-“*ﬂﬁﬁ’“}t b

’fr‘l-e tn'}'?‘ra/{ 7[ 70
4:9[!“’ S‘“»P[ff""ﬁ* ?A%Pq
Masunawe Snwp-gr: OQM ~“

. -

Scanned with CamScanner



Le} ffl l)f e a:cj,u{:m;g 67{ ME::\S'W/Q?E
' .F K = L(’.' “5{]3 SLLL}‘\M J




_{.Lc‘-cfui-'ﬁ{',t!i 5”(

X =S Eﬂﬂm],

& Lef (L %/S, M) be o Measune
a  Non- negafive MFMWA“&—

l v _ 5 = Y '; i '. 1S A e sunis

'n €T nAa

nnnnnnnnnnnnnnnnnnnnn



;@i 9L‘5Jﬂlﬁh' _SE/+5 @-! <

'f“ﬂCA'lt-n CFLS CGMM%_
Ve fmcp h{? {Eﬁ(} IS & SW

P (U oy C O L

=
7=

= 2 [ Y fin

|

":?

BPE & oncosune on I 1ED),
WY e 'Fn 5 s { rrf n ,

T he [ - is Mf’muﬁﬁéf@? Jfﬁq\ + and 8

™

fon P = Srepr (b mortone Thcrum)
L |8 T e N €70 20
S g o Hﬂ'“”” + il

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



H’en[q Prtu“f’tr-

D‘E_'FT! nihion

__J f S5 e g Lméfﬂ ﬂno‘(
5 L,ﬂ\ j'F'}d'r\ g j4 aye 7£lhf ;

| ‘ (T‘“'e*ﬁ qﬁ 1 g Soxd 4 L Wﬁé

| A ., 'the_ ihf‘hﬁru/L@Q- ﬁ,’ f g
£ e & 141 1 iy

'!'I - -

Scanned with CamScanner

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner



—— -

9“' {‘fn} be-ﬁ- Sc:fu:&ce mff

MQL'EE ’F‘”\L'l'\w o -'f KN
mbik Funckion. Then A, bends fof

* "F‘ 'P(‘T Fuewa_ PE--‘E'hUE_ =
3 - B [x: 1400 —fodf>e] =€

P‘ SETL ENLE "{ -tht hons 1S
szl ko be ’ft m.-:(ﬁﬁ \ f‘““‘ | ot Tes pect

R - e, - o4 CoMEFNCE

o s fPemej o Cosc h& S.e:fquAC‘E_

. %w} Sente “Thuws . Sﬁ?}-{fﬂfc fF ‘\

er.sl\c[menlsnl N Mmeasune ;1’ rfar

e O Jinn H[-’E EASY "‘th ‘E] e

N0 - &

nnnnnnnnnnnnnnnnnnnnn



:"‘:4 {4 15 & Sequenc of meosable
ach Kions e hickh ©s ’f‘”“’t"‘me"“}u’t n MM%
:I o Measunalble f‘)alML/hGﬁ 4

St " T' il -?—h*-E*"F N MEASUNE

'I"'---"‘||

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner



o N ,(LU Etr_*

!c =N

| Mﬁ'{ Lenfi‘?, Pe every pesibive &,

[ Bus [x: 4,00 -—Fualy €]
E[;:*‘:['an‘)_* T "-{j U[JL ]ff‘(JU-'F Qﬂ)?ﬂ

b ——Efp n ﬂ—mpﬁlt CXee SL“TC'%”;E{E’WH? ’c“*af-f

) ?._e e of The Fivsl set on The

I .. '. § W IS ﬂ-‘i“bV’["“U\'ﬁ'ﬁ& _qu,u (2. Q% {rfnj
domenkal 'n Mmecsune. Bak

Scanned with CamScanner



' o4 L—@{ "{n-;} 'P‘ n Mmeosune  wihexce
e 1. .' ~ Mﬂl‘ = o oA (Fn oxe preocanable rfjt.u\d'iw

| then %'{'\q:rq_ ey « cabp Seprence,

C«CE’m."c,p\a_ {',{iﬁfj [ S r'€'Lm.-rLO\N\@ﬁkT1/f TN MQCLSM@_
Se 'PW““ 6’1& 'ﬁws /“WFE:\;‘G'M Lre (on qa1na¢{

'F o ILLX&SF:FA ENnCE { r E cANe { A, meos Luw_é,%
A AR

and in meosune

-FUK}E r" -érF IN MEASUNE |

"-T‘ I,ﬁm Seguence of Mmeasunad lo
e h Emu@vace_s N MRS b""““

1 :‘.

- : .
T

Hon s UN?JL&' kIR e

. i N
Ty
. e " ] [P .
- = (4 O\ & &' O YLkl I
£ . = 1- ' _ il b i N1k L=
] F - LT = # . ey ¥ E Loy
i e 1 | o ' i
L __I .".'- At e J -.;.. - - _-il.. e ¥
r . . ¥ { - B | =
4 b y J .- - | I all P £ |'|'- -II N A X y I i .
% T - 4k, e . 1 1 f

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



'''
- A= [t 5

S,Y_okr/\ -~ j’_\:m'lﬁ"f‘ anﬂ{ﬁ«
"—1\'1"2-}‘1 "% J"?‘E C‘-hc-l (=N E'b’c:’;mEhCE {ﬁ"‘]
Sk "]'L\M—'_ (fw e n | ) *:,j?n'f:»rp £ f-fo(ﬁ -J:

J

Bak- o, > f in weosune

S_ﬂ DOE€ CouN /f\"nr’ cx SLL['oS@{M ence rn;l
ol i} subfiaf Fy = e

Scanned with CamScanner

Scanned with CamScanner



M aﬁ-a.‘:-h e ._F_w\p s, Ecoﬁiﬁia\fh{t&
'Bﬂﬁ Enl Sehtrat Ay > f o<

s“}r L’H’ ‘{:L‘Q‘QL_.\_E iemmcx . Linn In& J:Fﬁ,l 0'{f'( f—“ﬁl

. a&ﬂ‘il\a o {:‘e:nf}—mc-tx'g Hoon
I. S= ﬂtm{nf [{’hJM =R,

Jadp 2 Qoo inf [

Eﬂ'ﬁﬂh

1 l—efk' {’Pr\j be = Scgmence @.-F MM

hons  soih That 191 £g, an inbgreble

ﬁ!ﬂ-hﬁl 9«'21‘ ')oh-%’? IN N\Wﬂf‘ia | _r_!_.‘_r"'
Q Mt&hﬂ«éﬁﬁ. qﬁ S

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



-;
il
,‘\F"‘\!-i_ . Ni \\"E’ |\_L h.‘_:_ W__

- ( t.; Jn'l" 4 -
!a of . BLNE " n"w-s;u*:,r_mﬂ.éff_ ,.'(;.,.,M‘:N;

.

& . Yy Lt_" = -
hen 3 = x:hd'-"*"ﬁftﬁﬂ-t:t.ﬂ-f&‘_ {‘[. h.‘ﬂli S ush "7‘ i.t‘-{—
| j ( so 4 €& L (pm]
L_ AS £ L\txm{ (r{: ( é C{} A j[
A4S O T*'-‘t": Gl L\ J'"‘F .5:—] “+ I’fn 7/ U:‘f {”hN‘{

Cl o & =N oy Jr_—F I ME ASHUNE . rF(“”‘-“' S
M @ |

monedcakely  renn The fact ok

) S

LY M~ S ._-"'.,Q_

| ' e 5 L “] j ...-Fg “"1 < ..( L |’I ﬂ'.-/ f"rhfffl p

RP: H qf}f' A j‘,r{f‘( — _(f.ﬁ-x lﬁrf f@ 'f"thE"f‘\.

j ""‘h.l

Scanned with CamScanner



€
F\.(d.{*. .il' | ujfcxv rﬁrom ’”\q c;*fﬂ'np"h'c-n

A :
= K (enwv E'*T'—'(} CMNCE€ In MeasSan FT]’\':L'%

| | ,Q{ —_— O e M eafunQ |
BN = /’fm“’f [ < .‘__18_ 3

_JIP [ £n =24 L(}b‘l peet L ( 'BTMG:/

S S —— —

_‘vd_._,.- r-'{1.ﬂ'|I}|.P.I1‘F

(t;mxﬁlﬁﬂfhfﬁ ':r-m IP(}\\} 1S D‘{"‘f‘!"h
{

il T okt L_;rr( s (”r:-nqu(f:]f('fkf*: 1~ "“xe_, PAECL A

.-'""',( ey r[f_:"'n.,n ’J_r ¥ “n" i1 {f“ '“_::"'f .”\‘ %? NMEAR, E’f
Y ey P!;~ r 'PC_"} T'F L‘:M I{'Fh_"r[1Ptﬂ

Scanned with CamScanner



| e g S o B ,..i:'f . & _,_EL{.l‘: r’éxff{\

r

M x: 14417 €170 e bnfindely

f | :/P |
B b Fhen [[fu-dllp 2 €D oo afinidely
(¢ hf‘h

(-‘.i—"ﬂ",r‘ "hf"\-.f-'

|_"'-|"- l‘“*-l . q-ll\.:'l,r"‘._#fj o
\ L

,[r' — ff( | ™~ Ay €t unec.
i i

: '*--'“I-*!I'i R E’J-mmt L}ﬁ_\fw_m ‘;\BﬁUEij"GF?CE.

¥ |r L .
I =Ly Al
- T I

) . {;"f:h:\g l/‘,‘n:= = .E-:&-C‘(‘—ch e 6

&1 ) o
ko ol fob of be o MeaSEEEE

r“ L"\"f—i ~ Ry -Eﬂui} (1"\

fan e on
Ao ke L_quc_cw '"”'“_{‘2::} f e u.:r-f |
1 s ":’_) e o = 554‘. .'-i'-' ..
MAEY 2 € end sek The .

A =S | \m-{"ﬂw H‘\Iby

|“k

Scanned with CamScanner



(™
i HNIT-TL — Choptey T

|
mE&TEﬁﬂ ¥ |
A m'ﬂP'C-*rM Convevgence o € J'MP_,G;;EE

ﬂkW\ESET {,m{-f\-:ﬂ-m Ct-hUETﬁ'Er\CF—v
:E\’?Si:
Lf:./*- {(}er LE o EECFMEHCF_ FP{E memcmc\ﬁa
Lanchions  ond Lef o he o measunahle
'i’U”\DHG'"‘ ~ 4
Then we Sewy ARk "Fﬁ'_:"'{l aimc::.

Lhnirf@*(mﬁ%_; ~AA oorihe ’F.{g‘f Feadie

Qﬁf For any a0 T aterE
P‘U—:) 2 € Gind SRt on CE

| oy Th
42T OGn *\LQTM%L |

Um‘afmm GV RS c\. €

— clmes Utnffem Cmuerﬁ-ence_

\henvcwx:
S

T foF a w. Ahen F2F N Meosune.

i —

Proed.
T ren—/;;u—f’ In MEasSLNe

Scanned with CamScanner



(t 2.)

r:\ O PES{'ﬁ'T"vE nNombe y € C-‘xhc-l J
| _“‘:-HLLLLK(T{RU.JQ ,_)\ [D{ 2 ".-thJLj F’FE‘JJ(-;? E:\l 70€

..’Pt-"f i.‘x({l‘(i"ﬁirjf-Ff'Q'E]— N\L‘\P\EIL .

Rk Snee I esitaty & sok E
i S (l”lr\ “REX < J KLLLJN ()\HL\EL'} "Jtr:%:’ (F QME'C’Q:TF\,QLI
AR DN i :
! ax CE
> e cuﬁdonM Hon

heerem:

1‘} f?h-*-i? 4 a Then rFrﬁ’-*'F -G .
Proet:
. 'H::?E‘ Eﬂc[\ .\H'\'Ea,en; m Lo € Ccon 4'ﬁ¢\gr
. Sck” Em Lo P(EMJ L—l"ﬁ ,.-MO’/

O CEG, "?h";f‘ﬁ L‘”"P"""“"pg-.
oo
’T'ﬂen ‘1-[1 =5 e QEM, we Aave 3(_&('5”}

M=

\ g [Jt).
gt: ,erFn'{jE) fj‘ .
oln
pak C (JCER = FYE,. A Sobshribensi.cili
M= |

M=
£ fo.e

4

Scanned with CamScanner



et &£ =4 gneTd Q)  MUA) A=
l-\“} ,.)Lw each o ”fn' —éf} AN m'}f?'\'ﬂéff’ ﬁ-mcﬁ‘m;
'.'ﬂﬂ?h Loe l\c\ue (‘Fn—>rF a.- i,

&
,—F@'\r Then W - P(CE}*MF} = /&"Ch

: (&ﬁ*{' U KLE’PWPF{W r\‘ch'

S5 i B S Eﬁ; , UCI'E‘\E'LU‘E?,/U(EE')‘:(:
P
< =

!c:tr\A on E H—m"'HLJF_’— oy MmZn,_ .

<o ,Fma;;ql o .

_C",Ceﬂﬂff't{ [D( :.fxmmeUtJ :(7'1(,9()_]-'11 ,&3—_, e

| rFfD\* cac |, 5© 'ﬂ\e_ Cmmfﬂrmeq"‘ﬂvy _VE/F,.—

2

| r\ C = » Lm Mrasuvre 7TreYOo

|

Scanned with CamScanner



|, —

A

Ce | & E's _f';uf‘f"f"c“h'-”h’f? "["‘C P*rc e f’['&n{-
MO B ) 2 Ao Some N and v enck (<.

i o) /L{(%}z.-:ﬁ IS f'hi"‘GUFOr,

|
rfwxi'.," e Rave ffm-fx {-:aqc(
S Eg = U [3‘3 | F gl —efeil 2 (?J

‘N M=n

e E—

[
e [x:g 2 5]
P gic ih’f‘ﬁ’\'ﬂfL‘oﬂ
| W\ = ECA_ ﬂ,f? qal‘m""f' ANESUNG |

rFD"r me_,ﬂ\ﬁj "Fn' ég_ =N AN 1'hkfg"rw,°£€ ‘7&”\0‘5’1‘0’?_
l /‘ﬂlw?_rw_ Loe {\a‘up an—%') ﬂa XA

Zxa

A
; I}f’ {(fh% bem_:‘;ﬁf).aente E’ef MEMMQQ
rfLﬂc.Jrim\_g suth that  lon = 4 U"“'Vl’c‘”“‘j?,
wheve ff ¢ LP(/"\J, and M) L=

|| rﬂ‘ler\ .—Fh-—f}‘ 4 r'r*~ ’h\ﬁ My €oun tufu ercﬁEv
| P Gp7e)-

'|
1

Scanned with CamScanner



(15)
‘:ElLL h[‘-r\
AN = il'\n.U-E 'rfﬁ‘f:)f_— g\(f{irf;_lj\i ,-(xm'ra;pnlf

: C{hﬁ‘k So ,eh G LF(,__L) |

P?‘h*--lr rFﬂr tko‘LEj &0 ol 7‘0;— nﬁl JQﬂ"FU"Q A

(’Fn"’"”'i‘e cnel SO

Jlﬂ-—ﬂfalﬂ - C'Pf* ().

r?h'h':""f 'f""-"n‘\{ AN €0, ™ cnf ovoler f (P?'C‘-}
l

B e

L ek g o pbouneled qlwwHen_,
Nreosianabye - on [o, 1] an Det {.-fnl

"VE- =N _Eec/L«EhEE E% z—ﬂ/\nbf‘!'ﬁhi l‘h"‘ﬂfrf""’oﬁf_:
on [91]) . shew dhat ¢

]{” { J:f'fnlﬁ’lﬂ‘«j £ Aew\afe:af,

N N7 © Suck fAat 75"‘" Seich

Meosihable Suktes o L] w1 TA
M) <, we hav e [ erFhalnaIz_(— vn
) Lo Jbu,fndma o oeh v € [B.4]
Then Qﬂhf;fgfrf,.,a(k:o.

\

Scanned with CamScanner



@
S‘r: KLL\"_[ O .

P’f_ﬁ} f\f\'LJ boe !\rur-‘f NN J‘_\; rPr« =9 q['t:v

ﬂ“% N e T e

5 fl' PI (S ME_E&EM"\ELM'Q -E'c&,-'f‘ ﬂ_kD( q = ™ S

" ihi-e*rvctl.s B g rEiT,_,_TN .SLLLA%CE;{“
N

™~ (Aa iUF’I,J o
; A 2 8¢ vh
Then by 0, | Auci= L4 | ,

[

N
\N‘\Ek’q o= Uik_
oy

Puk )E- qthr[jx —=
So  Lem j -Fno[:ﬁ.. = _Qcmf“{(,ﬂ'fhd'-l = O,
)

Se -rin‘j ‘F’Fﬁ‘b\‘ =

Lohee .;F S any measonable

S 1HPDE_ (FU’\EJ'I on

T =
UA;’ ue M.n-.g Cxar\.sfcgf‘f 5 ond 3 —TEFW‘f'E!_-‘j‘,

Scanned with CamScanner



(D
toe I\h&é SL&JPPESQ‘L fﬂ\ﬂ‘f’ g 2 C

r_ll.‘li':ﬁ We Can (thp‘\ o gﬁcfkuf—ﬁﬂp F?ﬁfg
Et{‘ ME:’&SLQ\@L.’P{ _gfmpprf (‘F-‘-._Lh: f’\'tﬁﬁﬂj;

| CFH’T\% on [0, 1],

S NYeve F 4 wifh m(H LN,

| ond & Sah Raf [ ¢ G <€ onfo(]-H.
i !

| NGLD; Jg,fhafm: J|¢?{;,F Q,Jl 4 J%ﬁ cﬁ/{‘),ﬁﬁ(‘{f}{

X ~fhal:x
oy 87

Buk | [ g 0.) hiols| < GL[HHJ&\

Ln
- PN Y
:N*ﬂ‘w choese N Sefhaf {L#ﬁﬁ.}nnh/ AL

e g<N on [a1] we Rave
[ §0- ) Padn [ ] Tl

2 =INE

Scanned with CamScanner




QS e Mo
P{ Cet ﬁFLm Aon N c:ltz-f\'n-e_al ON N

X, 22 is S‘a.if/( TO

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



el U e M A,
)
..........

e:P measune.  Noen [Eﬁff'&l}'
£ S awl V(E) Z0 ooy sach
I able alset~ E E-“{‘ A

ceb Wi Th Nespeck
F € S, ﬂgﬁ_] "V(Eﬁﬁ)

LT il
5 s

J |I o A f&ﬁpﬂglﬁug
} ﬁ’w v and uf— Ao
._‘ "ﬁ"len f—{ € o Aeasuie
‘ﬂ-fﬂmhﬂh ! NEL&CK\’_FHJE* _'SF,L—

[Lr=N hg@(LhuF Tp{-‘ Lo TN T‘GSPFC/E_'

” '1'0 N \rP—lg s o Ff.irrhvﬂ 9&)}“ woith

,. Sxeipechk o — V.
[}]__Lilk SE}\_—

; A
A s~ noll set wiTA WJPEV‘F o
B beth o posihive 3
w itk espett o V. | ,-'-]

Scanned with CamScanner

nnnnnn d with CamScanner



ﬁvﬂ a positive sef otk WM ﬁ,-
', e~ € vevg Meastnwble Selose A- 4
| p is « pesifive set

" '_”\e soune  bofels e dovr negative sefs
xnd null seds.

wﬁuu’h\qﬁ 4 CCEN= f’F“lf”‘ wheye
S"f‘c\M [ AG’%‘NFF‘ r“‘uah c{) 15 A Q’éfn&f

Selution
e l\nue

| _ ’—CA‘ {E;"] I—,;c-m S SCANeEn<e t:hf ¢&j&|hk

) Seks ot S anld Ao v E €KX |

J"‘Y*lﬁ(;u. Lo ¥ S -)[.‘c’[*f‘""iﬂﬂ,

- | “wﬁ\'t CP "(E) = S $ %l

LR e | 8
i & e
1

Scanned with CamScanner



E PUANL = =N SLU'?E' ;

Pr Counbable Lrien of et
Fﬂﬁfﬁvq Cotth Yeipect— o a réy—r\f‘ct
II !"T\E.muna \J 1 = N .PE"J&.I"!‘I"[UE-‘ Srj{‘ .

j——ﬁ{' {Fﬁ IB {DE A .SPF%AF;\(-E c:u#
*’H\'Q AS . TThen we Aave
'@‘“: U R,  whexve The seds
Ny ’

@ Qﬁm onel Emﬁﬁmﬁ.%

"I'I'
4
e

i A
"

i i
S
s -

.

Scanned with CamScanner

Scanned with CamScanner



e
-

¥
F r
ARG
S |
oo
-

by

1S e Fﬂl'dﬁvﬁ .S\ﬂﬁé_-

=
.',I_

Scanned with CamScanner

Scanned with CamScanner



-
e
=

-
T =

.
- | Sy
= T L S
H N E= ) /W
i i . :r. P .1 I.. ".

| P eants A, o SeCTPREEE

g
\ 1

4 . 1l1.. ;. "'-,"-.-': I,-. . = “ hh 'J

. um_ 5 v Sk Fhack AN 3

Scanned with CamScanner

Scanned with CamScanner



| 7[.—%1 PY'EEEEJ sdeps . af nms‘“ﬂ‘
B .. -0 E . Thea
¢ ¥,

i it « Ps'.sf'HuQ. sek, o VeCl @

qu'v sgphe) =0 wouls! mnp.a'] That

NCeY = S V(E; 40O

;':1

So C is Yhe cjexu'wg’ Sek
TE’P "'n‘»e Process oloer polr stop .

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



; t 20 we have VBR]) > f?-hof so B Ef

In Powﬁ'l‘cuiaw b n, = and

> (<

h(£7| ('Ft“r fo 5 #_S'ﬂc“)(_.

e let Boc BEA ond E ko,

(<
“l!ar\ BQ-_.E'E(—;)E. "
! ciw SR
SNe VIR) 2 e N~ | KT

Bt‘( de dintion od Ny .
Buk @ holdls qc@mu 1& >leo, S ot

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



ﬁws}n— AUB = X, ANB =
Parxx A B 13 sod B be O Mn

- i 4 et & V.
AEC_:BN\FEEMEF\‘ E"lﬂ X ol ved P

| That-
,:L,%— [ '[.N"'I"?T.,\E lﬂ {he %

S s and Aa B O

o V.
L ﬂ::-iilh © P m{ﬂ\wpc”/ﬁ_
A&WF 1y qﬂ v. nullSet .

Scanned with CamScanner

Scanned with CamScanner



....
T g - 3 -~
- h 5 =
.........

e PM*’&WM% -
Uﬁh I8 a P@_n«}-.ue _?@4‘ Wtﬂﬂ’

oleﬁmhm nrﬁ N RzVvlAd.

A=-R:Sp and /\entq, n':m

=

Bl Se UAY = DAYl = A i

mhpl Lel\te st = N

g %'” The Value of A s Achicved oA
M F'ﬂ.ﬂffﬂve Set- .
.%J-f Nsite R=- cp

(i i
-
I. 4 & F'
LR ot
- il
i !

|

|

i

4

Y iR

. L

by ‘. Mm EU‘J T & I | ¢ _'3 (0
" - " ‘ .l ] x r. '.- l._ o ’
e

- [
a2 '-:'-':J:".':.'"i: ﬁ— y& A8 RN k]
e r : : .: - A
L4 h 3 e

“a PR
o i 1 ;

Scanned with CamScanner

Scanned with CamScanner



y PN F\Ehte t £ e PEEE"}W’UE _'ie,t‘ w
Degabwe Selk el So a null seb

Mlb{ Arn— R, 13 e nol Sk




¥ @
-\

R —

Chaplex - T - The Tovobn Decompertie?

_—I—l_.'._'_‘l_-a—-_'_ﬂ-_.

:99”""“'}'\“‘\1-& \IAVPS be measunes on [ xS

Then Wyond Vg owe  Saidl to be.

mwkvally  Singaov, T4 dov ng—_“:e%

DEERY & W0 L o) =5 and W e

Scanned with CamScanner

Scanne d with CamScanner



I éﬁj

i L‘\Eﬂﬂm rThE. TETG{C'U*‘ '_Dt"'h. {"W\PL“ W alara

L_,Q/% Ay, bE = E‘a‘ﬁ&'fr AAQ v d UA &
SO (_Lﬂf 517 . Tlne r.”"’e"f ess ty A O W, ¢
\I+MI "'Jﬁ ©N [[xrijj S wih r\['\flk

i % ; Mead un e &
e e S The wedure:

i N *C‘*.F\G‘ N aw LU‘“‘?‘MJ'j

N T_ \/ L - _S.cn.{oc 1o LE_,

c-reffl_'he ;:'( é—"(? V.,

'C\h{;t'\d':

:'rb\e_ Terxdon stEQﬁM{DGJ\'ﬁEF‘\ C"—"“{[ i,

Mte)‘_ F"rrB E:Q & Hﬂ‘m F-(Etﬂmf:ﬂil"*iﬂn

E';ef» ¥ LSiITh TV PELV to N, MG’( o(efﬂ.-ﬂﬁ
\J+ahc& N7 “3’6_

Tt = a\ N CEl= - V(ENB]
yTce) = N (ERRY | g

'.Fﬂ"( E S (e '\l*mop N oavne

A ~ e
peasoan el oo Ny CRY ‘=" N (A) = O

Qe \J+,LV

Prl&ﬁ F rPQ“-" = =5
G (EY= V(ENR) v (ENB)
aFe)y -V CE)

—
—

Scanned with CamScanner

Scanned with CamScanner



GD

L LT S S T
cnd The preed will be Gomplete.
m{-\en Loe :.-.fwtu r“’ﬂﬁ* rh‘ﬁ ofﬂmx,emi.‘ﬁmn

\s uniyut.

J_ubk_ N ~ N \J&klaq m.ha_ Agcgmpnﬂfhgn
@f N (nto waunﬂg_ J.,\Gu,(qsr Mersunes
rn"tn Roe heve. K = ALA,

Scanned with CaniSiainos

nnnnnn d with CamScanner



I (3D
(

; " . ’ 4.
- Then The meaimnel e L‘f'f"—”‘ﬁi:_f:w ee§ (o (D)
|

R x¥ frqul Soame | we Rawe

V(AORYY = vCARR'|x V(ALAD

= N URAR)
FT‘E’M o~ lr\'aﬁ'\ﬁ G{E'.CENH Pﬁﬂr' HO}"*S 4_“!‘5_*3 T"U‘"‘ll

T:BM"-:EG.[)P\ E:CTS’_, AR K PU/"\[-*'E*:\,
Pesifive Set  woe have
N(EN((AAAY) ..:;_M(Eﬂﬁ%)

=V (En(PpoA)
and

v CEN ff-’iﬂﬁ"n < N(ENA')

= Y (En{ poal)

BPul (H‘us 'f“ré-h“ ondd  Las tewms /n

sach “'7& There }‘ﬁvecVa\d.fA‘ﬁLgJ ave The
_SME_ S o

N(EARY = N (BARY)

c:knaf '\ld-(ES: NCEAAPY 1S C«UU‘C/ME.,
_&W%u w":_u"'—u S adro L“I'?@,.

v ony Sakabil e anar “angue.
© Heace  Proved

Scanned with CamScanner



<k
Example -

ST e 05,5, M A a meesane. Sxce
C“"‘P‘ Lek _(nFal,»\ exis b . Def('na Vv é‘c‘;,
U(E) = gﬁ-fg{r{' .‘Pn'\r Ees [Find o
([ Aecha cleengsme e Th T'EJPUJ’F to V
rd The “Hwcton A ecompetition od V.

T N




ED

DE{"}“?E‘}‘P*’* ~Mhe ’h:fhxf Nar TaH o cf a
§'x‘61\e_cr Mea e, N 18 (V= \J+—<; Vo,

Bolie sy aatay is Jle Tovdon

‘ C‘r‘ec_ampo NRALT e,,,f N

|
I Cleandy (vl i& & mecaure A CCx S,
ond dov cach EE S, (veey) < [v] (&S
_ngijmﬂi@g: ™ (;1‘8‘“‘90{ MEL‘L;!;:"'-(’ seraxn [Tx,51)
e ke dF = U X, | wheve
Kp €S and fov mb\h:, VR T
%_M,:skumfhmF The Srg»f}w, hneajure V 12
Finire o a - Finite Wped—i“@(‘g— (=)
\u| s ,ov & Lot yFone! N ave.

Seluhion:

Spro_ta |VC(EY)
axe nof LO‘“‘! in"&n”'e, e hoie
\J*(Efx L =9 ﬂ'\of ’\J_-(_E_) L o c\hsf AEA(E

[U\ CEY <=0 . | ‘
'C?L\Jfﬂu-b(né,_ '\J\'s‘ J‘lhl""ﬂ. *7& f’v’lr.s nﬂfmJ’E’.

(ﬂ';e le vrvye4y Pﬂr[gal‘l}.% \Q;u/“n ON T - oq'm'ﬂ’tﬂe.r_r
A an immnediafe  Cons S ence

=

L <A 'T"lf.n a3 \ JIIIl::-um:f v

e

T — Ce— ———— &

Scanned with CamScanner




W

| UNIT- N
ME—-PHS‘U FI"E-‘ P‘IN D INT E—-{,ﬂ! MTIUI\U I F‘\ I"__."II":E.\C. [". Lx :-’I : .xl-i_‘._.'.l'.' |

| ev j A ME—P!EUP-.ﬁEﬁlLlT‘—f_rM faY PRE'TJEH'T ¢~ pPACL
c‘\af 71 3

’Jl hexv

ﬁ Lk' | |

Sek o exdersh  porrs K& TE )
? T
':I"'F' ¥ o Y ave =poLeSs, K=y Is e

Prsduck S pate.

Q‘F"P—if‘i'ﬁﬁh e C’Q_ & ~ ?&Lj (S ?'_TE’C_ F&;ﬁfﬁf .
e K *
| 4
rf‘ 1 Moy be wrikben PHrB e
A%, BS

O ‘
wfﬁkﬁﬂﬁaﬂP ﬁf“
shich mog. 2
! me)ﬁ" Lo T
yﬁiﬂj\méﬁ T
WAL Y | (o 3

P etinihion b
e | L elementorg—t
. "ﬂ‘\f_‘_ L.QM.S‘ 1& o4 Mm& be G .

k
E Censisty o4 These sets 1:.9
as dhe union of & 'f'im'}‘t N—M"J’F"" D';L

aftnlsjﬁﬂ&— p\eusuno.éﬂe ’Tﬂtﬂ'ﬂr\a{ﬂg.

Scanned with CamScanner



oy .:," = '*-'u' )
S -l
|II ‘ill_‘. }l 0 I.‘:_“, . |
R R RV
_..-i‘:rl}-.p l"r':-F '.'l .:" r;l
RV L e
N ol '.-_ rﬁ -'-T‘}:__'I _‘l.r |.. A o ,
S
T .- E

S e gl

Scanned with CamScanner

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner



Scanned with CamScanner

Scanned with CamScanner




Soss  Grteining. P -

e Beovity woeits T8 in plate
o Mop)

Since eVeXy O
Elass’. <scp) =2 Moo
-;*_Z % wa he SPF@S,~+Q in o fusr on |
i this csudfi erd fo Show That Mo i
an a}ﬁ-oém, Cinee cach Ceenterhle,  LNTEn
B be coritten The  Lomi't E’?Q Fine,

pnaons.

_R%@Lm i s o nonotene

Scanned with CamScanner

Scanned with CamScanner



Since | o;ﬂw Eﬁxamfafe ,

e, & L(F), Ex &E,,,, - "IN

WE F\CLUE U Erx ':ME ah/{

M=

;,_'1_,\ L{:‘E_n U F - _,Q»:m (.‘:hUF‘ £2 52

g 0 En & L(F),
-~--#,,fz e A, ’L((nJcmrm\sﬁ

4-

= : R
s " ='
, ] -I 3 ...~_.::&; ‘l .. 'I . ._-"- &. ﬁ.ﬁ . % @
sl 1'.'1-"" i .-! TR, :‘ . L.L l- |

'1' l..-ﬂl- nﬂ, J‘ l'

o &
- | -I'F.r |. g~ o

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



..;S@;,Mince cf sefst  dhen

Shﬂmw !/0 [rf.)z ,rE 't anf?‘bnﬁ

| v
Lo i) = (B ;) el
&H‘KQEJ);\ — KQJ:M lﬂ.«')}

Svﬂlgf_" !‘L‘.'H'-: |
This Aollows frorm The fack That
L (Upi) = U a7 e

I =

—
W

nnnnnnnnnnnnnnnnnnnnn



1
"'"'fﬁ. EE E eSxT, E

E e ondd 5%‘?" “Then B
= R Or c"f; Oo-CCe t*oﬂthg. ad 1

e P or > e CA.

o Co ) Gontouns m’\f_ MMMQ&
*-.Q-::, | &Lm\ﬁcﬁm . "1,}’ = & Then
.tr-_ Since < E_)JL: Lg > U\,g) = CEJ

[toe hawe cE € . ploc if Epe-
I Loe Lmhﬂ Fo- cok X ex . |

j'!t l":-'

PR T o ;
— .._' ¥
t My A .
s - = - l.‘ ] . e ! '..
i e oy N - algohra. on “*’ i
b N G L B 1 T ’ X !
Y . T W D O T _ i i .
-~ Sl |'.'._|_" E == _ AR W E 9 =y _' -
o= ’ i 4
F . N
" L el e - B L
.. .

_‘!"'

Scanned with CamScanner

Scanned with CamScanner



)_eql fﬂfaemSﬁr WO < Mﬁ“
= bA %y Then dor eark X €x Mj‘f&%
£ 15 e T -rneaswnable qunchion and ’f (5
S aneaswn able rﬁ/"\u"ll?f\.

P,—oqf; Lol E = L(mf«épj: f-f(.ﬁ‘\,‘g)?ijﬁ
Then foxr a fned X €7, =4y (&

Scanned with CamScanner



¢ :L.e;} o b en BHT HﬂEaAM o
: :‘-'mn Xn”j FThen Fov cath X €X mj‘(ﬁ%
2 "P,.x‘_'- Ca rT-mcaémebéfF ’fﬁ”‘ﬂ'hﬂﬁ ard ’f %5 AN
S’-—ma&mazgpf .rﬁm;,rhm\.

_F F 19, )7@(]
oy (.| E = | (%g) U’ - _.
| Eﬁf_[g:rpafg)?‘i‘]

Scanned with CamScanner



LT

"\-\E,\ ?_L {x e Mfmwmé.(g

BN | i T g ;

E3CE

i f\_ e PSE ASUWNe L(Gl th‘*(

| - b A v
popeln =) Yo

L

i TR
S
'l

f" \N & Suppese. dies bt Thak  vesulb-

~. l\@ﬂa’\.& l+ f«cnrw-[ NG im“'ﬁ N‘E'Munei

| O *o Y7 Q. M

cgﬂcﬂm?nmh& ¥ and Y e disiein s

. Seqprences of  seks of Ainite meosune

.'.~ %o[ L | We "ﬁ\fwﬁfﬁ‘rﬁ. m&mﬂal ”x
2 Avue ,&. eadn  Yeckan A l/rm i

: ? :
*'."“ \WN e My voxiee X o
=0

’ 2 we  av= Con sy JE"'"S' f'\

nnnnnnnnnnnnnnnnnnnnn



} N L e I
n e ._::]. J.'H e n!'. e . = - -
eocir N

i
==
=,

] +, ﬁ*ﬁ 35V (( v 0 ,m] | }
e
Mfﬂ X on X, 'Fmr s M
Lo
’L‘u ({-\Jr\,m&) | 5 meﬂw-éﬁ& &en }{{#J
fMNT )

'ﬂ }-'-gy\ce_ CF;(_:&'_‘. ~

l = e ﬁjunwfnfﬁ

i f'l(\/nlm

NY, A=

Scanned with CamScanner

Scanned with CamScanner



| e euevy Mﬁrmtvﬂ'l@i‘—v
AxB. Sirce
B u((Axd),) = TR
F\((Pc:&fi'ﬂ = ryﬂ["ff]fi(ﬁj’

;-! - N ;J‘U’ Au.(r':}
| bl

Jdebre, E,
P\ =5 G-.rﬁﬁ' ‘N 1 hat Ey“e Al E
-ldf' N, € by & u-.ﬁrgn nd! (pﬂr?ﬂ"f‘\l
f -
| xnd 4 N - LV  Then V&L

II: | F“fwhh P, *) ~ v (EV)x)

'\p(g\-r“(“ J

LA
1'11 —

-m‘f‘c?n} = N (Ua)

i ": .i' "|.+'. '.:I'._ -I.I: |"._ R il i -
S I... ¥ " . A At L i

Scanned with CamScanner



t f

A gihtﬁ. f/\ﬂrw{ ) Ve QQn:’}‘e W e N’kc-—g‘

uﬂfatﬁ C‘D ﬁv(‘v’) o chon F#Tﬂg

EEe - X onod £ M(K)
mk' '3 h‘h"ﬁ"“k!ﬁ  vVer "*7.

/L deﬁ = (‘f N oJ«x Rolel oy S["W{'P

I,_-‘=+ *—{l- ;5 e ﬁa‘{'@r\@ {_Qa_jd Cuh 'h-"'\‘ﬁﬁcl{ !‘ A -QKT
..... @N}'axmhg, E and. [4€ Ace F"’EU\{J *-HM:;

nnnnnnnnnnnnnnnnnnnnn



' M - N (Vg
- ”'LT ’F\T’r N\J L9 f Wﬁi‘nryjptk\m [

Mth\:e ffhsm alvie  The cvem &%Lﬂ-“{

(alf&w { '}L (M y) AV Y
[ o Ll

b i C‘[“o‘\’
1

Scanned with CamScanner



b el
RN B e

g "_he veqpuired  Measune prusle
e value ipaﬂ INCB!Y o~ Yhe

N 1=t
dﬁm&afh;org_ Sez.t‘ Ll..Jlm Lg\ DCEI: nmlf,}ﬁj&f
| N }\"‘:’ f’Q’“’Jﬂ‘“\X MCﬁLS{Lﬁ&ME’ WW\JJ\EJ

= U (RinB)Y,
Nﬂm f—l?\:\{ cﬁ_ﬁem.ft{ (‘TJ‘-'E’A Hﬂ"ﬁ Covreck

Nedwe o wmma}@; 'ﬁ?c\svngiea

=t t'o X X e ol (ANE @®p E_

ga 1% [su/[r:ﬂ 'Jﬂﬂe_ CevyeLk \Jmﬁ«\'ﬁ mn'?'he

@4} = xnol ndeeol in C-ﬁem.cbf

5 — 7!#‘%.- pecrApne én The ﬁ“rawm E. |
m E iy frse B |

.Emﬂ" IS ‘Thfh Uumwg‘

s _ .
| Y ",.:-':.""'.:;‘-:,_-;._:-.—:' -l.

Scanned with CamScanner

nnnnnnnnnnnnnnnnnnnnn



oY @ oL e V -

- f 'fa{(rAWJ < /yﬁ"””-

')9 1a The E/{\@-vm{—*@‘ri.sht_. 744@0{'1:_?\
E"f’ e T MEC&JLanﬁcﬁ jE/}‘ eunef

R o . ecsos Ble Gmple funchions.

T geneced cse | Sob $hY be o
‘ ‘ECWE ~ce @‘.f ME ::-.__guﬂcdgﬁﬁ. Sxm'b.of: rﬁﬂ\tﬁmg
Sk Ak T

'F ('Fh)_:{og\l

e meodurable

Scanned with CamScanner

Scanned with CamScanner



.-‘

Scanned with CamScanner

Scanned with CamScanner



ﬂ: oe EL-WF\ ‘““\QL rptxhc,{*\'uﬁ (P; ’ CP‘?_ L CP




Scanned with CamScanner

Scanne d with CamScanner



- - - —— W

Example 4: The condition V € § x T is necessary in Theorem 6.

Solution: For X and Y take the set of ordinals [0 o < ®,] were @, is the first
uncountable ordinal ([11], p. 69). For § and Ttake the c-algebra generated by the
countable subsets. Let |1 and v be zero for countable sets and 1 for uncountable
measurable sets. Let V = [(x, y): x < y]. Then if x = ®,, the x-section V. =¢;
otherwise V _is uncountable but CV is countable and so V. is measurable . If y = @,

Scanned with CamScanner
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1 = [x: x < ®,), a measurable set, and for y < ®,, V715 countable and so Measurgp,
But [, dp [ xy dv=[ vV dp = plxx <@ =1 whereas [ gy [y, dusfy

(V) dv. So (10.2) does not hold for this V.

The next example shows how Theorem 6, p. 172, breaks down if i gpq ,
not both G-finite. The same example shows that o-finiteness is essential in Thenreﬁ
7,8 and 9.

Example 5: Let X =Y =[0, 1], §= T = B. Take L = m on the Borel subges ,¢
[0, 11, and for v take the counting measure on [0, 1], that is, v(E) = Card E. Ty,
=[(x,y):x=y,(x,y) € Xx Y]. Then Vis §X T-measurable, for if n is any positiye
integer put = [(j — 1)/n, j/n],j=1, ...,nand V, =1, x 1) U ... U (I x1I).So V is

measur.ble, and so therefore is V = ﬂ V, . (A diagram may assist.) However

n=1

j'r dv_llxxy du=0 but jx du L_;rd,. dv=1.

Example 6: The condition fe L' (U x v) in Theorem 9, is necessary if the
order of integration is to be interchangeable.

Solution: Take X , Y, S, T as in the last example and let 1 = v = m, restricted
to [0, 1). LetO<a <..<0o <..<1,lim o = 1. For each n choose a continuous

. l
| function g, such that [£: g (1) #0] < (o, o ) and also L]-”n dr = 1. Let f(x, y) =

| Z 8n (0)(g,(x) — g, , ,(x)). For each (x, y) only one term in this series can be non-
n=]

zero, so fis well defined. Also fis meaurable, indeed fis continuous except at (1, 1)
, But

1 } 2=
| fﬂ f(x,y) dy:fﬂz 2,008 () — g (x)dx=
: =1

=gﬂ(}')[j:nﬂ 8n dx—j:m S dx] =0

L n+l

for each y. However

1 e}
[, Fend=Y (g,(x)-g, ., () [ g, dy=g,.

n=1
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FINERGT r— rET Te wT PRUIGT OFRGE

1 1
o -‘.n dx L f(x,y)dy=1 and the iterated integrals are therefore unequal. However,

Fubini’s theorem is not contradicted since f is not integrable. For, writing
I=(a, 0, ) wehave

j | fix, Vldxdy =

.Ma

) — g2, . x)) ldx dy
L x!Jiz 8.(¥)(g,(x)— & y (

1 i

]

s J n=|

I
.ME

L . lgj{}'}{gj(.::)—gj,,l(.x}ldxdy

1

iy J

X

(y x)— 8i41(xX)) | dx dy =oo.
IL.-H-‘J +L“|ﬂ.l_lgjung;(r1 8j+1
gt

In some product spaces, for example in the plane, the ‘natural’ measure to
consider is not . x v but its completion, obtained in Thﬁnre.m 8, p. 91. Results
equivalent to Theorem 9 can be obtained in this case but details of the statements
are no longer the same; for example, the functions ¢ and y of Thegrem 6 nnwarfls
need not now be measurable but only equal a.e.‘m measurable functions. For details
of an approach using complete measures see, for example, [12], Chapter 12.
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